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ABSTRACT. Among many kinds of approaches to study the relationship between
geometry and spectra of graphs, in this note we focus on a kind of quantum walk,
which is introduced by M. Szegedy, whose time evolution is induced by the transition
probability of a random walk on a graph. In particular, we study the periodicity of the
evolution operator of such a quantum walk by using spectral analysis and properies
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“Quantum graph walks”
( ), ( ), ( )
3 (part III
part I II arXiv ).
“ ” (scattering operator)
(evolution operator)
Szegedy walk






$G=(V(G), E(G))$ $V(G)$ $E(G)$
$E(G)$ 2
$A(G)$ $e\in A(G)$ $e$
$o(e)$ $t(e)$ $e$ $\overline{e}$ $e^{-1}$
$G$ $V(G),$ $E(G)$ (
$o(e)=t(e)$ ) $(o(e)=o(e’)$ $t(e)=t(e’)$ $e\neq e’$ $e$
$e’)$
$G$ $x$ $A_{x}(G)=\{e\in A(G);o(e)=x\}$













$p$ $G$ $T=T_{G}$ $G$
IV(G) $I$ - $x,$ $y\in V(G)$
$(T_{G})_{x,y}= \sum_{e:o(e)=x,t(e)=y}p(e)$
$p(e)$
$T_{G}$ ( ) Spec$(T_{G})$ $1\in$
$Spec(T_{G})$ Perron-Frobenius $\lambda\in Spec(T_{G})$
$|\lambda|\leq 1$ $T_{G}$ Spec$(T_{G})t\subset[-1,1]$
[1,2,3,6,8,9,10,11,12,14]
Szegedy([14])
evolution operator $U=U(T, G)$ :
1.1 (Szegedy walk evolution operator $U([14])$ ). Szegedy walk
evolution operator $U=U(G, T)$ $f\in A(G)$ $e\in A(G)$
$IA$ (G) $I$ - (e, f)-
$(U)_{e,f}=\{\begin{array}{ll}2\sqrt{p(e)p(f^{-1})}, o(e)=t(f) f\neq e^{-1} 2p(e)-1, f=e^{-1} 0, \end{array}$
$(U)_{e,f}$ $t(e)=o(f)$ $e$ $f$
”
12
evolution operator $U$ “ “
( )
$T$ Grover walk ([6]), $(e, f)$-
$\{$






$U$ $T$ “ “
2.
:
2.1 (cf. E. Segawa [10], I. Sato et al.). $G$
$n=|V(G)|$ $2m=|A(G)|=2|E(G)|$ $n$ - $S$
$(S)_{u,v}= \sum_{o(e)=u,t(e)=v}\sqrt{p(e)p(e^{-1})}$
$\det(\lambda I_{2m}-U)=(\lambda^{2}-1)^{m-n}\det((\lambda^{2}+1)I_{n}-2\lambda S)$




“ ” evolution operator $U$ $S$










$($ $\lambda\neq\pm 1)$ , $m\cross n$- $A$ $n\cross m$- $B$
$\det(I_{m}-AB)=\det((\begin{array}{ll}I_{m} -A0_{n,m} I_{n}\end{array})(\begin{array}{ll}I_{m} AB I_{n}\end{array}))$
















$\pm 1$ $m-n$ “
“ $m=n$ “ “ “ ”
$m<n$ $m=n-1$ $G$ tree
$T$
$\pm 1\in Spec(T)$ $\pm 1$
“ ” $(\lambda^{2}-1)^{-1}$ “1”
$T$ Spec$(T)$ Spec$(S)$ [-1, 1]
“ ” $\lambda\in Spec(S)$ $\lambda$








evolution operator $U=U(G, T)$ $k$
$\lambda\in Spec(U)$ $\lambda^{k}=1$
$G$ $n$
Spec$(T)= \{\cos\frac{2k\pi}{n};k=0,1, \ldots, n-1\}.$
”1 ‘n















$G$ laziness $\ell$ “ ” :
$p(e)=\{\begin{array}{l}\frac{1-\ell}{n-1}, if o(e).\neq t(e) ,\frac{\ell}{2}, if o(e)=t(e) .\end{array}$
: $K_{4}$ with 4 self-loops.
$p()$ $V(G)$ $T$ $K_{n}$
laziness $\ell$








3.1 ($QW$ on $K_{n}$ ). $T$ $K_{n}$ laziness $\ell$
$\ell\in[0,1)$ $\ell$ : $T$
evolution operator $U$
$(n, \ell)=\{\begin{array}{l}(2, 0)\Rightarrow U^{2}=I,(3, 0)\Rightarrow U^{3}=I,(n, 1/n)\Rightarrow U^{4}=I,(2, 1/4), (n, (n+1)/(2n))\Rightarrow U^{6}=I,\end{array}$







solutions Spec$(U)$ $\pm 1$ 1
$U$ $\lambda$ 1
$\lambda$ 1 the primitive k-th root $\ell$
1 the primitive k-th ro$ot$”
(cf.













$G$ 2 $K_{n,m}$ 1
$G$ laziness $\ell$ “ ” :
$p(e)=\{\begin{array}{l}\frac{1-\ell}{m}, if o(e)\in A and t(e)\in B,\frac{1-\ell}{n}, if o(e)\in B and t(e)\in A,\frac{\ell}{2}, if o(e)=t(e) .\end{array}$
$A,$ $B$ $K_{n,m}$ $|A|=n,$ $|B|=m$
: $K_{3,4}$ with 7 self-loops.
$\ell=0$ 2
$p()$ $V(G)$ $T$ $K_{n,m}$
laziness $\ell$
3.2 ($QW$ on $K_{n,m}$ ). $T$ $K_{n,m}$ laziness $\ell$
$\ell\in[0,1)$ $\ell$ : $T$
evolution opemtor $U$








solutions Spec $(U)$ $\pm 1$
1 $U$ $\lambda_{1}$ $\lambda_{2}$ 1
$\ell$
1 the primitive k-th root”
$\ell$
$I$
3.3. $SRG(n, k, \lambda, \mu)$
(strongly regular graph)
$G$ $(n, k, \lambda, \mu)$ $SRG(n, k, \lambda, \mu)$
$|V(G)|=n$ $k$- ( $x$ $\deg_{G}(x)=k$
;
) $x$ $y$ $x$ $y$ $x$ $y$
$\lambda$
$x$ $y$ $\mu$ (cf. [4,5])
$G=SRG(n, k, \lambda, \mu)$ ( $e$
$p(e)=1/k),$ $V(G)$ $T$
3.3 $(QW on SRG(n, k, \lambda, \mu)$ ). $T$ $SRG(n, k, \lambda, \mu)$
$T$ evolution
opemtor $U$
$(n, k, \lambda, \mu)=(2k, k, 0, k), (3\lambda, 2\lambda, \lambda, 2\lambda), (5,2,0,1)$
4,12 5
$K_{k,k},$ $K_{\lambda,\lambda,\lambda}$ $C_{5}$
$SRG(n, k, \lambda, \mu)$
Spec$(T)=\{1, (r/k)^{m_{r}}, (s/k)^{m_{s}}\}$
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(cf. [4,5]). $r,$ $s$ $x^{2}+(\mu-\lambda)x+\mu-k=0$ solutions
$U$
$G_{r}(x)=x^{2}-2(r/k)x+1, G_{s}(x)=x^{2}-2(s/k)x+1$
$G_{r}(x)=0$ $G_{s}(x)=0$ root of unity
$r/k,$ $s/k$ parameters
$G_{r}(x)$ $G_{s}(x)$ 2








$\{x_{i};i=1, \ldots, n\}$ $A(G)=A_{0}(G)\cup A_{0}^{-1}(G)$ $A_{0}(G)=\{e_{i};o(e_{i})=$
$x_{i-1},$ $t(e_{i})=x_{i},$ $i=1,$ $\ldots,$ $n\},$ $A_{0}^{-1}=\{e^{-1};e\in A_{0}(G)\}$ $i=1$
$i-1=n$ $0\leq p\leq 1$
$p(e)=p,$ $e\in A_{0}$ ; $p(e)=1-p,$ $e\in A_{0}^{-1}$
$C_{n}$ $p$
$1-p$ $V(G)$
$T$ $p=1/2$ $T$ (reversible)
$T$ (non-reversible)
$1/2\leq p\leq 1$ $p=1/2$ $C_{n}$
$n$ (cf. 2 ), $p=1$
4($n$ ) $1/2<p<1$
20
3.4 ( $QW$ on $C_{n}$ ). $T$ $C_{n}$
$1/2<p<1$ $p(1-p)$
$T$ evolution operator $U$ $0$ ) $n\neq 2,4,8$
$U$ ;
1 $)$ $n=2$ : $p(I - p)$ $=$ 1/16( 6), 1/8( 8), 3/16( 12) ;
2 $)$ $n=4$ : $p(1 - p)$ $=$ 1/16( 12), 1/8( 8), 3/16( 12) ;
3 $)$ $n=8:p(1-p)=1/8$ 24
$G=C_{n}$ $T$ “ “ $p$ , “ ” $q(=1-p)$
$T$ reversible $S$
$\det(\lambda I_{2m}-U)=(\lambda^{2}-1)^{m-n}\det((\lambda^{2}+1)I_{n}-2\lambda S)$ ,






root of unity ;
II) $n=2^{2},2^{3}$ Spec$(U)$ root of unity ;
III) $n=2^{4}$ I)II)
$2 \sqrt{pq}\cos\frac{2(2k-1)\pi}{16}, k=1,2,3,4$
root of unity ;
IV) $n$ : I) root of unity $U$
$V)$ $n$ $m$ $m=2^{4}$
{ $U$ $C_{m}$ } $\subset$ { $U$ $C_{n}$ }
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